Primal and dual approaches are introduced for the elasto-perfectly plastic problems. We prove theorems for approximating the stresses of elasticperfectly plastic bodies.
Introduction
The stress state of a perfect elastic-plastic body is determined by solving a problem which is known as the Haar-Karman variational principle (see, for instance, [3] ). According to the modern theory of duality the corresponding problem may be interpreted as the dual problem to the variational problem for displacement fields (the direct problem) (see [3] ). Unfortunately, its functional has linear growth at infinity relative to the deviator of strain tensor. For this reason solutions with jumps of discontinuities can appear (see [9] ). Possible nonregularity of solutions in the direct problem makes it difficult to obtain a priori error estimates for numerical schemes (finite element method, for example). However, the solution of the dual variational problem is known to be smoother. In particular, the solution belongs to the Sobolev space WXo¡.2. From the mechanical point of view, solving a dual variational problem is more preferable since elastic and plastic zones are determined by the yield condition expressed in terms of the stress tensor.
In this work we consider primal and dual approaches for elasto-perfectly plastic problems. We prove that the approximate solution of this problem converges to the exact solution, and we give an error estimate.
Finally, it should be noted that ideas used in the present paper may be applied also to other variational problems whose functionals have linear growth (such as the minimal surface problem, the Plateau problem, etc.).
Primal and dual formulations
Consider an elastic-plastic body being in equilibrium under action of the given forces and occupying a domain Q. in E" ( n = 2 or n = 3 ). We suppose that the boundary of Q is Lipschitz continuous. The direct variational problem reads as follows. for e e M£x" , t £ R. It is well known that under conditions (2.2) Problem (7?s ) possesses a unique solution us (see, for example, [3, 13] ). Now we can formulate problems which are dual for problems ( J3 ) and ( ^ ), respectively. denotes the set of all stress tensors satisfying equilibrium equations in stresses.
Remark. In this case, 7F : M"x" -> R is defined as follows:
If we suppose that the condition (2.5) 3ox£Qf and 3X > 0 : ^(ox(x)) < -X for a.a. x £ Q holds, then the Problem ( a0* ) has a unique solution, and the following equality is valid (see, for instance, [3] ):
(2.6) inf(^>) = R(ff) = sup(^*).
Unfortunately, the Problem ( 7P ) in general is not solvable and, therefore, it must be relaxed. The corresponding variational relaxation was made in [1, 7 and 12] . Its weak solution belongs to the space BD(Q) of vector-valued functions of bounded deformation (see, for instance, [13] ). The problem which is dual to Problem ( ^$ ) may be posed in the following way. The theory of duality gives the extremality relation (2.14) o-0á : e(us) -g (í(m¿)) -^a (os , oô) = 0 a.e. in Q.
Taking into account the equilibrium equations (2.12) and the estimates (2.11), we arrive at It is very easy to see that oo £ Qf. By the upper semicontinuity of the functional R on L2(Q; Msnx") we get from (2.15), (2.16) and (2.17) (2.18) R(o) < A < R(oo), o0£QfnK =► R(a0) < R(a).
So, we obtain a contradiction. We now prove the statement (2.10). A necessary and sufficient condition for the extremum of the Problem ( 7?s* ) has the form
for all t e Qf. Thus, we can write R(a) -Rs(os) = J { -^(a, tr) + e(w0) : <j + X-a(a6 , a"5) -e(u0) : a5
The assertion (2.10) is proved. D
Dual finite element approximation and error estimate
To avoid some technical difficulties, we consider the case when / = 0, d2£l = 0 and Q is a polygon or a polyhedron. Then Q := Qf is transformed into the subspace Q := {r £ L2(Q ; M?XH) : divi = 0}.
Let Qh be some finite-dimensional subspace in Q. We consider the following finite-dimensional problem.
Problem (3°s*h) : Find as-h £ Qh such that Thus, the required estimate (3.2) follows from (2.10) and (3.4). D
Remark. For n = 2 one can find in [6] some useful examples of the subspace Qh . Corresponding finite element approximations are affine at each element.
The simplest way of constructing such elements is based on introducing Airy's stress function and applying the composite piecewise cubic plate bending elements of Hsieh-Clough-Tocher (see, for instance, [2] ). Suppose that (3.5) || \Vo*\ \\"< Cx with a constant Cx which does not depend on 5 . Then for the finite element approximation in question we can state (3.6) inf ||ta -<7â\\L2(n-Mnxn) ^ Qh (does not depend on Ô ).
We choose S = h in (3.6) and (3.2). For this case the following estimate holds: Sometimes it is possible to find estimates for Rh(oh) -R(o) from the mechanical point of view or as a posteriori estimates. Unfortunately, the authors have failed to prove the estimate (3.5), but its local variant has been proved in [10] and [11] , i.e., II |V<7á| \\»m< C4 Vfi0€fi with a constant C4 which depends on dist(£2o> dd) but not on S .
The proposed dual finite element method gives directly approximations for stresses and corresponding plastic and elastic zones. In the primal finite element method it is necessary to calculate first derivatives of displacements to get the corresponding information.
For other approaches of finite element approximations to the solution of the Problem (7P*) we refer, for instance, to [4, 8] and, in optimal shape design context, to [5] .
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